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WEAK AKIZUKI-NAKANO VANISHING THEOREM
FOR GLOBALLY F -SPLIT 3-FOLDS
KENTA SATO AND SHUNSUKE TAKAGI
Dedicated to Professor Bernd Ulrich on the occasion of his sixty-fifth birthday.
Abstract. In this paper, we prove that a weak form of the Akizuki-Nakano vanish-
ing theorem holds on globally F -split 3-folds. Making use of this vanishing theorem,
we study deformations of globally F -split Fano 3-folds and the Kodaira vanishing
theorem for thickenings of locally complete intersection globally F -regular 3-folds.
1. Introduction
The Akizuki-Nakano vanishing theorem is a generalization of the Kodaira vanishing
theorem and plays an important role in complex algebraic geometry. It was generalized
to singular varieties in the following form.
Theorem 1.1. Let X be a d-dimensional complex projective variety and L be an ample
line bundle on X.
(1) ([11], [24]) If X is Cohen-Macaulay log canonical of dimension d 6 3, then for
every nonnegative integers i, j with i+ j < d, one has
H i(X,Ω
[j]
X ⊗ L
−1) = 0,
where Ω
[j]
X is the reflexive hull of Ω
j
X =
∧j ΩX/C.
(2) ([14]) Let s denote the dimension of the singular locus of X. If X is a locally
complete intersection, then for every nonnegative integers i, j with i+j < d−s,
one has
H i(X,ΩjX ⊗ L
−1) = 0.
In this paper, we pursue a characteristic p analog of Theorem 1.1. Let X be a
projective variety over a perfect field k of characteristic p > 0. Since the Kodaira
vanishing theorem fails in positive characteristic in general, we need to impose an
additional condition on X . We assume that X is Cohen-Macaulay and globally F -split,
that is, the Frobenius map OX −→ F∗OX splits as an OX -module homomorphism.
Then X satisfies the Kodaira vanishing theorem. Moreover, if X is smooth, then it
lifts to the ring W2(k) of Witt vectors of length 2 (see [19, p.164] or [21, Corollary 9.2])
and consequently satisfies the Akizuki-Nakano vanishing theorem when p > dimX by
a result of Raynaud [5, Corollaire 2.8].
On the other hand, very little is known when X is singular. Kawakami [20] recently
proved that the Akizuki-Nakano vanishing theorem holds on globally F -regular sur-
faces, using Graf’s extension theorem [10]. Here, globally F -regular varieties are a class
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of globally F -split varieties containing toric and Schubert varieties. Several Kodaira-
type vanishing theorem are known to hold on Globally F -regular varieties (see [9],
[36]). In this paper, we investigate the Akizuki-Nakano vanishing theorem for globally
F -split or globally F -regular 3-folds. Our main result is stated as follows.
Theorem 1.2 (Theorem 3.6, Remark 3.7, Corollary 3.12). Let X be a projective glob-
ally F -regular variety over a perfect field of characteristic p > 0 and L be a globally
generated ample line bundle on X. Assume in addition that X is of dimension d 6 3
and the morphism ΦL : X −→ PN = P(H0(X,L)∗) induced by L is generically e´tale on
its image.1
(1) If X has only isolated singularities, then for every nonnegative integers i, j with
i+ j < d, one has
H i(X,Ω
[j]
X ⊗ L
−1) = 0.
(2) Let s denote the dimension of the singular locus of X. If X is a locally complete
intersection and p > 5, then for every nonnegative integers i, j with i+j < d−s,
one has
H i(X,ΩjX ⊗ L
−1) = 0.
Making use of (a variant of) Theorem 1.2, we study properties of globally F -split
Fano 3-folds. In particular, we focus on deformations of globally F -split Fano 3-folds
with only isolated complete intersection singularities. The following theorem should be
compared with a result of Namikawa [31] about deformations of complex Fano 3-folds
with only Gorenstein terminal singularities.
Theorem 1.3 (Theorem 4.2, Theorem 4.10). Let X be a projective globally F -split
Fano 3-fold over an algebraically closed field of characteristic p > 0 which has only
isolated complete intersection singularities. Suppose that there exists an integer 1 6
i0 6 p such that | − i0KX | is base point free and the morphism ϕ|−i0KX | : X −→ P
N =
P(H0(X,OX(−i0KX))∗) induced by | − i0KX | is generically e´tale on its image.
2
(1) The deformations of X are unobstructed.
(2) If X has only ordinary double points, then H2(X, TX) = 0 and, in particular,
X admits a smoothing and is liftable to characteristic zero.
Since the modulo p reduction of a complex Fano 3-fold with only Gorenstein ter-
minal singularities is a globally F -split 3-fold with only isolated complete intersection
singularities for sufficiently large primes p (see [36, Theorem 1.2]), Theorem 1.3 gives
a purely algebraic proof of the result of Namikawa.
As another application of Theorem 1.2, we study the Kodaira vanishing theorem for
thickenings. Bhatt-Blickle-Lyubeznik-Singh-Zhang [2] proved that the Kodaira vanish-
ing theorem holds on thickenings of a locally complete intersection closed subvariety
of the projective space PNk over a field k of characteristic zero. The following is a
characteristic p analog of their result in dimension 3.
1The latter condition is satisfied for example if L is very ample.
2This condition is satisfied for example if | −KX | is base point free and p > 5.
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Theorem 1.4 (Theorem 5.6). Let X be a locally complete intersection closed subvariety
of the projective space PNk over a perfect field k of characteristic p > 5. For each integer
t > 1, let Xt ⊆ PNk be the t-th thickening of X, that is, the closed subscheme defined by
It, where I ⊆ OPN
k
is the defining ideal sheaf of X in PNk . Suppose that X is globally
F -regular of dimension d 6 3. Assume in addition that one of the following conditions
is satisfied:
(i) t is less than or equal to p,
(ii) the normal bundle NX/PN is a direct sum of line bundles.
Then for every integers i < d− s and ℓ > 1, we have
H i(Xt,OXt(−ℓ)) = 0,
where s is the dimension of the singular locus of X.
We remark that our argument gives an alternative proof of the result of Bhatt-
Blickle-Lyubeznik-Singh-Zhang in characteristic zero (see Remark 5.5).
Acknowledgments. The authors are grateful to Kenta Hashizume, Tatsuro Kawakami,
Yujiro Kawamata, Yoichi Miyaoka, Shigefumi Mori, Noboru Nakayama, Taro Sano,
Vasudevan Srinivas and Bernd Ulrich for helpful comments and discussions. The first
author was supported by RIKEN iTHEMS Program. The second author was par-
tially supported by JSPS KAKENHI Grant Numbers JP15H03611, JP16H02141, and
JP17H02831.
Notation. Throughout this paper, all schemes are assumed to be Noetherian and
separated. A variety is an integral scheme of finite type over a field, a 3-fold (resp. a
curve, a surface) is a 3-dimensional (resp. 1-dimensional, 2-dimensional) variety. Given
a variety X over a field k, we denote by TX the tangent sheaf of X , that is, the dual
Hom(ΩX ,OX) of the cotangent sheaf ΩX = ΩX/k.
2. Preliminaries
2.1. Globally F -split and globally F -regular varieties. In this subsection, we
recall the definitions and basic properties of globally F -split and globally F -regular
varieties.
Definition 2.1 ([4], [16], [30], [36], [39]). Let X be a variety over a perfect field of
characteristic p > 0.
(i) X is said to be globally F -split3 if the Frobenius map OX −→ F∗OX splits as
an OX -module homomorphism.
We assume in addition that X is normal, and let ∆ =
∑
i di∆i be an effective Q-Weil
divisor on X . For each integer e > 1, the round-up of (pe − 1)∆ is ⌈(pe − 1)∆⌉ =∑
i⌈(p
e−1)di⌉∆i, where ⌈(pe−1)di⌉ denotes the smallest integer greater than or equal
3Globally F -split varieties are often called simply F -split. However, we do not use this terminology
in this paper, because it may be confused with locally F -split varieties.
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to (pe − 1)di. Also, given an integer e > 1 and an effective Weil divisor B on X , let
ϕ
(e)
B : OX −→ F
e
∗OX(B) denote the composite map
OX −→ F
e
∗OX →֒ F
e
∗OX(B),
where OX −→ F e∗OX is the e-times iterated Frobenius map and F
e
∗OX →֒ F
e
∗OX(B)
is the push-forward of the natural inclusion OX →֒ OX(B) by the e-times iterated
Frobenius morphism F e : X −→ X .
(ii) The pair (X,∆) is said to be globally sharply F -split if there exists an integer
e > 1 such that ϕ
(e)
⌈(pe−1)∆⌉ : OX −→ F
e
∗OX(⌈(p
e−1)∆⌉) splits as an OX -module
homomorphism. X is globally F -split if and only if the pair (X, 0) is globally
sharply F -split.
(iii) The pair (X,∆) is said to be globally F -regular if for every effective Weil di-
visor D on X , there exists an integer e > 1 such that ϕ
(e)
⌈(pe−1)∆⌉+D : OX −→
F e∗OX(⌈(p
e − 1)∆⌉ + D) splits as an OX -module homomorphism. We simply
say that X is globally F -regular if so is the pair (X, 0).
The Kodaira vanishing theorem fails in positive characteristic in general, but it holds
on globally F -split varieties.
Proposition 2.2. Let X be an n-dimensional globally F -split projective variety over
a perfect field of characteristic p > 0 and L be an ample line bundle on X.
(1) ([4, Theorem 1.2.8]) H i(X,L) = 0 for all i > 1.
(2) ([4, Theorem 1.2.9]) If X is Cohen-Macaulay, then H i(X,L−1) = 0 for all
i < n.
Lemma 2.3 ([8, Lemma 2.14]). Let X be a normal variety over a perfect field of
characteristic p > 0. Let f : X 99K Y be a small birational map or an algebraic fiber
space to a normal variety Y . If X is globally F -split (resp. globally F -regular), then
so is Y .
Lemma 2.4. Let X be a normal quasi-projective variety over a perfect field of char-
acteristic p > 0 and ∆ be an effective Q-Weil divisor on X such that KX + ∆ is
Q-Cartier. Let f : Y −→ X be a proper birational morphism from a normal variety Y ,
and suppose that ∆Y := f
∗(KX +∆)−KY is an effective Q-Weil divisor on Y . Then
the following hold.
(1) (Y,∆Y ) is globally F -regular if and only if so is (X,∆).
(2) (Y,∆Y ) is globally sharply F -split if and only if so is (X,∆).
Proof. The assertion follows from essentially the same argument as the proof of [13,
Proposition 2.11]. 
2.2. Singularities. Here, we collect the definitions of singularities treated in this pa-
per. Throughout this subsection, let X be a normal variety over a perfect field k and
∆ be an effective Q-Weil divisor on X .
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Definition 2.5. Suppose that KX + ∆ is Q-Cartier. Given a projective birational
morphism π : Y −→ X from a normal variety Y , we write
KY + π
−1
∗ ∆ = π
∗(KX +∆) +
∑
i
aiEi,
where π−1∗ ∆ is the strict transform of ∆ by π, the ai are rational numbers and the Ei
are π-exceptional prime divisors on Y . We say that (X,∆) is terminal (resp. klt) if all
the ai > 0 (resp. all the ai > −1) for every projective birational morphism π : Y −→ X
from a normal variety Y .
Definition 2.6. Suppose that k is of characteristic p > 0. The pair (X,∆) is said to
be strongly F -regular if there exists an open covering {Ui}i∈I of X such that (Ui,∆|Ui)
is globally F -regular for every i ∈ I. We simply say that X is strongly F -regular if so
is the pair (X, 0).
Definition 2.7 ([28]). We say that X has only pseudo-rational singularities if X is
Cohen-Macaulay and if the natural map f∗ωY −→ ωX is an isomorphism for every
projective birational morphism f : Y −→ X from a normal variety Y .
Remark 2.8. Suppose that k is of characteristic p > 0 and KX +∆ is Q-Cartier.
(1) ([22, Theorem 2.29]) If (X,∆) is terminal, then X is regular in codimension 2.
(2) ([15]) If (X,∆) is strongly F -regular, then it is klt.
(3) ([38]) If X is strongly F -regular, then it is pseudo-rational.
Remark 2.9. Globally F -regular varieties are by definition strongly F -regular and, in
particular, Cohen-Macaulay by Remark 2.8 (3).
Lemma 2.10. Suppose that X is a normal quasi-projective variety over a perfect field
of characteristic p > 0 and ∆ is an effective Q-Weil divisor on X such that KX + ∆
is Q-Cartier. Let f : Y −→ X be a proper birational morphism from a normal variety
Y , and assume that ∆Y := f
∗(KX +∆)−KY is an effective Q-Weil divisor on Y and
(X,∆) is strongly F -regular. Then (Y,∆Y ) is also strongly F -regular.
Proof. Take an open covering {Ui}i∈I of X such that (Ui,∆|Ui) is globally F -regular
for every i ∈ I. It then follows from Lemma 2.4 that the pair (Vi := f−1(Ui),∆Y |Vi) is
globally F -regular for every i, which implies that (Y,∆Y ) is strongly F -regular. 
2.3. Cartier isomorphism. In this subsection, we briefly review the Cartier isomor-
phism. Let X be an n-dimensional smooth (not necessarily projective) variety over a
perfect field k of characteristic p > 0. Let
0 −→ F∗OX
F∗d0−−→ F∗ΩX
F∗d1−−→ F∗Ω
2
X
F∗d2−−→ · · ·
F∗dn−1−−−−→ F∗ωX −→ 0
be the push-forward of the de Rham complex ofX by the absolute Frobenius morphism
F : X −→ X . For each i = 1, . . . , n, we define the OX -submodules BiX , Z
i
X of Ω
i
X by
BiX := Im F∗d
i−1, Z iX := Ker F∗d
i.
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BiX and Z
i
X are locally free sheaves and we have the following short exact sequences.
0 −→ OX −→ F∗OX −→ B
1
X −→ 0,
0 −→ Z iX −→ F∗Ω
i
X −→ B
i+1
X −→ 0,
0 −→ BiX −→ Z
i
X
C
−→ ΩiX −→ 0,
where C is the Cartier operator (see [18] for the details).
Definition 2.11. Let X be a normal variety over a perfect field k of characteristic
p > 0. Let U denote the smooth locus of X and ι : U →֒ X denote the natural
inclusion. For each i = 1, . . . , n, the sheaf Ω
[i]
X of reflexive differential i-forms on X
is defined by Ω
[i]
X := ι∗Ω
i
U . Similarly, B
[i]
X and Z
[i]
X are defined by B
[i]
X := ι∗B
i
U and
Z
[i]
X := ι∗Z
i
U , respectively.
2.4. Symmetric, exterior, and divided powers. Here, we present basic properties
of divided powers which we will need in §5.
Suppose that X is a scheme, n is a nonnegative integer and F is a coherent sheaf
on X . Let Sn(F) (resp.
∧n(F)) denote the n-th symmetric power (resp. the n-th
exterior power) of F . Let f : F −→ G is a morphism of coherent sheaves on X ,
and then f⊗n : F⊗n −→ G⊗n induces the morphisms Sn(f) : Sn(F) −→ Sn(G) and∧n(f) : ∧n(F) −→ ∧n(G).
The natural morphism F⊗n ⊗F −→ F⊗n+1 induces the morphisms
ms : S
n(F)⊗F −→ Sn+1(F), and
me :
n∧
(F)⊗F −→
n+1∧
(F).
Let E be a locally free sheaf of finite rank on X . Then by patching together the
comultiplication maps ([43, Subsection 1.1]), we define the morphism
∆e :
n+1∧
(E) −→
n∧
(E)⊗ E .
Definition 2.12. Let f : E −→ F be a morphism of locally free sheaves of finite rank
on a scheme X . For any integers i, j > 0, we define the morphism αi,jf : S
i(F) ⊗∧j(E) −→ Si+1(F)⊗∧j−1(E) as the composition
Si(F)⊗
∧j(E) id⊗∆e //
αi,j
f --❬❬❬❬❬
❬❬❬❬❬❬
❬❬❬❬❬❬
❬❬❬❬❬❬
❬❬❬❬❬❬
❬❬❬❬❬❬
❬❬❬❬❬❬
❬❬❬❬❬❬
Si(F)⊗ E ⊗
∧j−1(E) id⊗f⊗id // Si(F)⊗ F ⊗∧j−1(E)
ms⊗id

Si+1(F)⊗
∧j−1(E).
Lemma 2.13. Let X be a scheme and
0 −→ E
f
−−→ F
g
−−→ G −→ 0
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be an exact sequence of locally free sheaves of finite rank. Let n > 0 be an integer and
r := min{n, rank(E)}. Then the sequence
0←− Sn(G)
Sn(g)
←−−− Sn(F)
αm−1,1
f
←−−−− Sn−1(F)⊗E
αm−2,2
f
←−−−− · · ·
αm−r,r
f
←−−−− Sn−r(F)⊗
r∧
(E)←− 0
is an exact sequence.
Proof. By shrinking X , we may assume that X = SpecA is affine and E ,F and G are
free. Let E, F and G be the free A-modules corresponding to E ,F and G, respectively.
Take a basis e1, . . . , eu of E. Since the short exact sequence
0 −→ E −→ F −→ G −→ 0
splits, there exist eu+1, . . . , ev ∈ F such that e1, . . . , eu, eu+1, . . . , ev is a basis of F . Let
R := ⊕m>0Sm(F ) ∼= A[x1, . . . , xv] be the symmetric algebra of F . Since x1, . . . , xu ∈ R
is a regular sequence, the Koszul complex
0←− R/(x1, . . . , xu)←− R←− R ⊗R E ←− · · · ←− R⊗R
u∧
(E)←− 0
is exact. Then the sequence in the assertion is exact, because it is isomorphic to the
degree n part of the above Koszul complex. 
Next, we consider the divided powers of locally free sheaves. Let X be a scheme,
n > 0 be an integer and E be a locally free sheaf on X of finite rank. We define the
n-th divided power Dn(E) by
Dn(E) := (S
n(E∗))∗,
where (−)∗ := Hom(−,OX) is the OX -dual. We also define
∆d := (ms)
∗ : Dn+1(E) −→ Dn(E)⊗ E
as the dual of ms : S
n(E∗) ⊗ E∗ −→ Sn+1(E∗). For a morphism f : E −→ F between
locally free sheaves of finite rank, we write Dn(f) := (S
n(f ∗))∗ : Dn(E) −→ Dn(F).
Definition 2.14. Let X be a scheme and g : F −→ G be a morphism of coherent
sheaves on X . Suppose that F is a locally free sheaf of finite rank. For any integers
i, j > 0, we define the morphism βi,jg : Di(F)⊗
∧j(G) −→ Di−1(F)⊗∧j+1(G) as the
composition
Di(F)⊗
∧j(G) ∆d⊗id //
βi,jg
--❬❬❬❬❬
❬❬❬❬❬❬
❬❬❬❬❬❬
❬❬❬❬❬❬
❬❬❬❬❬❬
❬❬❬❬❬❬
❬❬❬❬❬❬
❬❬❬❬❬❬
❬ Di−1(F)⊗ F ⊗
∧j(G) id⊗g⊗id // Di−1(F)⊗ G ⊗∧j(G)
id⊗me

Di−1(F)⊗
∧j+1(G).
Lemma 2.15 ([43, Proposition 1.1.2]). Let X be a scheme and E be a locally free sheaf
of rank r on X. Then for every 1 6 n 6 r, there is an isomorphism
ϕn :
n∧
(E∗)
∼
−−→ (
n∧
(E))∗.
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Moreover, we have the following commutative diagram
∧n(E∗) ∆e //
ϕn

∧n−1(E∗)⊗ E∗.
ϕn−1⊗id
))❘❘
❘❘
❘❘❘
❘❘❘
❘❘❘
(
∧n(E))∗ (me)∗ // (∧n−1(E)⊗ E)∗ ∼ // (∧n−1(E))∗ ⊗ E∗
Proposition 2.16. Let X be a scheme, E ,F be locally free sheaves of finite rank and
G be a coherent sheaf on X. Suppose that there is an exact sequence
0 −→ E
f
−−→ F
g
−−→ G −→ 0.
Then for every integer n > 1, the sequence
0 −→ Dn(E)
Dn(f)
−−−→ Dn(F)
βn,0g
−−−→ Dn−1(F)⊗ G
βn−1,1g
−−−−−→Dn−2(F)⊗
2∧
(G)
βn−2,2g
−−−−−→ · · ·
· · ·
βn−r+1,r−1g
−−−−−−→Dn−r(F)⊗
r∧
(G)
βn−r,rg
−−−−−→ · · ·
is a complex. Moreover, this complex is exact if G is locally free.
Proof. Since we have the commutative diagram
Dn(E)
∆d
//
Dn(f)

Dn−1(E)⊗ E
Dn−1(f)⊗f

0
**❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯
Dn(F)
∆d
//
βn,0g
11Dn−1(F)⊗F
id⊗g
// Dn−1(F)⊗ G,
the composite map βn,0g ◦Dn(f) is the zero map. We next show that the composition
βi−1,j+1g ◦ β
i,j
g : Di(F)⊗
j∧
(G) −→ Di−2(F)⊗
j+2∧
(G)
is the zero map for every integers i > 2 and j > 0. Since the map β ◦β factors through
the composition
Di(F)⊗
j∧
(G)
(∆d⊗id)◦∆d⊗id
−−−−−−−−−→ Di−2(F)⊗F⊗F⊗
j∧
(G)
id⊗me⊗id−−−−−−→ Di−2(F)⊗
2∧
(F)⊗
j∧
(G),
it is enough to show that
(id⊗me) ◦ (∆d ⊗ id) ◦∆d : Di(F) −→ Di−2(F)⊗
2∧
(F)
is the zero map. After shrinking X , we may assume that X is affine and F is free.
Then we can verify the equation (id⊗me)◦(∆d⊗ id)◦∆d = 0 by looking at a canonical
basis of Dn(F) (see [43, Proposition 1.1.7 (c)]), which proves that the sequence in the
assertion is a complex.
Finally, we assume that G is locally free. Applying Lemma 2.13 to the exact sequence
0 −→ G∗
g∗
−−→ F∗
f∗
−−→ E∗ −→ 0,
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we obtain the exact sequence
0←− Sn(E∗)
Sn(f∗)
←−−−− Sn(F∗)
α
←−− Sn−1(F∗)⊗ G∗
α
←−− · · ·
α
←−− Sn−r(F∗)⊗
r∧
(G∗)←− 0
of locally free sheaves, where r := min{n, rank(G)}. It follows from Lemma 2.15 that
the sequence in the assertion is isomorphic to the dual of the above exact sequence,
which completes the proof. 
The following lemma is well-known to experts, but we provide its proof here for the
convenience of the reader.
Lemma 2.17. Let X be a scheme over a field k and F be a locally free sheaf of finite
rank on X. Assume that one of the following conditions is satisfied.
(a) k is of characteristic zero,
(b) k is of characteristic p > m,
(c) F is a direct sum of line bundles.
Then Dm(F) ∼= S
m(F).
Proof. We first assume that ch(k) = 0 or ch(k) > m. In this case, by considering
the paring Sm(F∗) ⊗ Sm(F) −→ OX which sends a local section f1 · · · fm ⊗ x1 · · ·xm
to
∑
σ∈Sm
fσ(1)(x1) · · ·fσ(m)(xm), we obtain the morphism ϕ : Sm(F∗) −→ (Sm(F))∗.
By the assumption on the characteristic of k, we can see that ϕ is surjective. Since
Sm(F∗) and (Sm(F))∗ are locally free sheaves of the same rank, the morphism ϕ is
isomorphism, which proves Dm(F) ∼= S
m(F).
If F is a direct sum of line bundles ⊕ni=1Li, then
Dm(F) ∼= (S
m(⊕ni=1L
∗
i ))
∗ ∼=
⊕
λ1+···λn=m
((L∗1)
⊗λ1 ⊗ · · · ⊗ (L∗n)
⊗λn)∗
∼=
⊕
λ1+···λn=m
L⊗λ11 ⊗ · · · ⊗ L
⊗λn
n
∼= Sm(F).

2.5. Algebraic spaces. In this subsection, we quickly review the basic notions of
algebraic spaces that will be used in the proof of Theorem 4.12. The reader is referred
to [33, Section 5] for the definition and basic properties of algebraic spaces.
For a scheme X over a field k, (Sch/k) denotes the big e´tale site of Spec k and hX
does the functor
hX := Homk(−, X) : (Sch/k)
op −→ (Set)
from the opposite category of (Sch/k) to the category of sets (Set). We note by [33,
Theorem 4.1.2] that the functor hX is an algebraic space over k. By Yoneda Lemma,
the rule X 7−→ hX defines a fully faithful functor from (Sch/k) to the category of
algebraic spaces over k. Therefore, we often identify a scheme X with the algebraic
space hX . Let G : (Sch/k)
op −→ (Set) be an algebraic space over S . We denote by
|G| the underlying topological space of G (see [40, Definition 63.4.7]).
10 K. SATO and S. TAKAGI
Remark 2.18. Since an algebraic space is automatically a sheaf in the fppf topology
(see [33, Theorem 5.2.2] or [40, Lemma 77.12.1]), the definition of algebraic spaces in
[33] is the same as that in [40, Definition 62.6.1]. Moreover, it follows from [40, Lemma
65.11.1] that if an algebraic space G is decent (see [40, Definition 65.6.1]), then the
definition of the underlying topological space of G in [33, 6.3.3] is the same as that in
[40]. We also note that a separated algebraic space is decent by [40, Subsection 65.6].
A morphism f : G −→ H of algebraic spaces induces a continuous morphism |f | :
|G| −→ |H|. If f is an immersion (resp. open immersion, closed immersion), then so
is |f | by [40, Lemma 64.12.3].
Lemma 2.19. Let f : H −→ G be a morphism of algebraic spaces over a field k,
{Gj}j∈J be a set of algebraic spaces and ij : Gj −→ G be immersions such that
|G| =
⋃
j∈J
|ij|(|Gj|).
If the induced morphism fj : f
−1(Gj) −→ Gj is surjective (resp. universally injective)
(see [40, Definition 64.5.2, 64.19.3]) for every j ∈ J , then so is f .
Proof. The assertion follows from [40, Lemma 63.4.3]. 
Let (G◦i ⊂ Gi, fi : Hi −→ Gi) be elementary distinguished squares (see [40, Definition
72.9.1]) for i = 1, 2 and H◦i ⊂ Hi be the fiber product G
◦
i ×Gi Hi.
H◦i
//

Hi
fi

G◦i
// Gi
For i = 1, 2, let Ti ⊂ Gi be the reduced closed subspace such that |Ti| = |Gi| \ |G◦i | and
let T ′i ⊂ Hi be the reduced closed subspace such that |T
′
i | = |Hi|\|H
◦
i |. We remark that
such subspaces exist uniquely by [40, Lemma 63.12.4]. It follows from the definition of
elementary distinguished squares that T ′i
∼= f−1i (Ti) for i = 1, 2.
Let ϕG : G1 −→ G2 and ϕH : H1 −→ H2 be morphisms of algebraic spaces such
that ϕG ◦ f1 = f2 ◦ ϕH . We further assume that |ϕG|(|G◦1|) ⊂ |G
◦
2| and |ϕH|(|H
◦
1 |) ⊂
|H◦2 |. By [40, Lemma 62.12.3], we have the following diagram in which each square is
commutative and the front and back squares are Cartesian.
H◦1
//

~~⑤⑤
⑤⑤
⑤⑤
⑤⑤
H1
f1

ϕH
~~⑥⑥
⑥⑥
⑥⑥
⑥⑥
H◦2
//

H2
f2

G◦1 //
~~⑤⑤
⑤⑤
⑤⑤
⑤⑤
G1
ϕG
~~⑥⑥
⑥⑥
⑥⑥
⑥⑥
G◦2 // G2
(1)
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Proposition 2.20. With the above notation, we further assume that the top and left
squares in the diagram (1) are Cartesian. Then the remaining two squares, the bottom
and right squares, are also Cartesian.
Proof. We first look at the bottom square
G◦1 //

G1
ϕG

G◦2 // G2.
Since the top square is Cartesian, it follows from [40, Lemma 63.4.3] that |ϕH |−1(|T ′2|) =
|T ′1|. Combining with the fact that fi : T
′
i −→ Ti is isomorphic for i = 1, 2, we have
|ϕG|
−1(|T2|) = |T1|, which implies |ϕG|
−1(|G◦2|) = |G
◦
1|. Therefore, the bottom square
is Cartesian by [40, Lemma 63.4.8].
We next look at the right square in the diagram (1). Let H˜ := G1 ×G2 H2 denote
the fiber product and ψ : H1 −→ H˜ denote the induced morphism.
H1
ψ
//
f1   ❆
❆❆
❆❆
❆❆
❆
H˜
pr1

pr2
// H2
f2

G1
ϕG
// G2
(2)
By [40, Lemma 64.51.2], it suffices to show that ψ is e´tale, surjective and universally
injective. Let T˜ := pr−11 (T1) and H˜
◦ := pr−11 (G
◦
1) denote the fiber products and
ψT : T
′
1 −→ T˜ and ψ
◦ : H◦1 −→ H˜
◦ denote the morphisms induced by ψ : H1 −→ H˜ .
Then the diagram (2) induces a Cartesian diagram
H˜◦

// H◦2

G◦1
// G◦2.
Combining with the assumption that the left square in the diagram (1) is Cartesian,
we see that the morphism ψ◦ : H◦1 −→ H˜
◦ is isomorphic. On the other hand, since
|ϕG|(|T1|) ⊆ |T2|, by [40, Lemma 63.12.5], the diagram (2) induces another diagram
T ′1
ψT
//
❄
❄❄
❄❄
❄❄
❄
T˜

// T ′2

T1
ϕG
// T2
in which the square is Cartesian. The morphisms T ′1 −→ T1 and T
′
2 −→ T2 in the
above diagram are both isomorphic, and then so is ψT . By the definition of elementary
distinguished squares and the fact that the back square in the diagram (1) is Cartesian,
ψ−1(T˜ ) = T ′1 and ψ
−1(H˜◦) = H◦1 . It then follows from Lemma 2.19 that ψ is surjective
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and universally injective. Finally, since f1 and f2 are both e´tale, applying [40, Lemma
64.39.4, 64.39.11] to the diagram (2), we conclude that ψ is e´tale. 
From now on, all algebraic spaces are assumed to be separated and of finite type
over a base field k.
We next discuss the abelian category Qcoh(G) of quasi-coherent sheaves on the
small e´tale site Et(G) of an algebraic space G over a field k. The reader is referred
to [33, Section 7] for the definition and basic properties of quasi-coherent sheaves. We
denote the tangent sheaf of G by TG := (ΩG/k)
∗ := HomOG(ΩG/k,OG), where OG
and ΩG = ΩG/k are the structure sheaf and the cotangent sheaf of G, respectively.
When G is normal, the canonical sheaf of G is denoted by ωG := (
∧dim |G|ΩG/k)∗∗.
Similarly, for a Deligne-Mumford stack X −→ (Sch/k), we denote by Qcoh(X ) the
abelian category of quasi-coherent sheaves on the e´tale site E´t(X ) of X (see [33, Sections
8, 9] for details). Note by [40, Subsection 91.4] that for an algebraic space G, the
natural functor Et(G) −→ E´t(SG) is equivalent, where SG is the Deligne-Mumford
stack associated to G (see [33, 3.2.7], [40, Lemma 91.13.1]). Therefore, the natural
functor Qcoh(SG) −→ Qcoh(G) is also equivalent.
Let G,H be integral algebraic spaces of finite type over a field k (see [40, Definition
69.4.1]) and f : G −→ H be a birational morphism (see [40, Definition 65.22.1]). Let
U ⊂ H denote the maximal open subspace such that the induced morphism f−1(U) −→
U is isomorphic. The exceptional locus of f is defined as the closed subset Exc(f) :=
|G| \ |f−1(U)| ⊆ |G|. We say that f is small if dim |G| − dim(Exc(f)) > 2.
Lemma 2.21. Let f : G −→ H be a proper small birational morphism of normal
integral algebraic spaces of finite type over a perfect field k. Then the following hold.
(1) f∗TG ∼= TH .
(2) Rif∗F = 0 for every integer i > dim |G| − 1 and every coherent sheaf F on G.
Proof. (1) Let U ⊂ H be the largest open subspace such that f |U : f−1(U) −→ U is
isomorphic. Let i : f−1(U) →֒ G and j : U →֒ H denote natural inclusions. Noting that
TG is reflexive, that is, the natural morphism TG −→ (TG)∗∗ is isomorphic, we see that
the morphism TG −→ i∗Tf−1(U) is isomorphic. Similarly, the morphism TH −→ j∗TU is
also isomorphic. Therefore, we have the isomorphisms
f∗TG ∼= f∗i∗Tf−1(U) ∼= j∗TU ∼= TH .
(2) The assertion follows from [40, Lemma 66.20.2, 66.21.9] and [40, Lemma 65.12.5].

Let k be a perfect field of characteristic p > 0 and Fk : Spec k −→ Spec k denote the
Frobenius morphism. Given a k-scheme Y with structure morphism π : Y −→ Spec k,
let Y (1) be the k-scheme identified with Y as a scheme but with structure morphism
Fk◦π : Y −→ Spec k. Note that the rule Y 7−→ Y (1) induces a functor F˜k : (Sch/k) −→
(Sch/k), which is isomorphic since k is perfect. Moreover, the Frobenius morphism
F : Y (1) −→ Y defines a natural transformation F : F˜k −→ id. Given an algebraic
space G over k, we define an algebraic space G(1) as the composite functor
G(1) := G ◦ F˜k : (Sch/k) −→ (Set).
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We define the relative Frobenius morphism of G as the morphism FG : G −→ G(1)
of algebraic spaces induced by the natural transformation F : F˜k −→ id. We note
that for a k-scheme X , the morphism FhX : hX −→ (hX)
(1) coincides with the relative
Frobenius morphism F : X −→ X ′ := X ×k,Fk k via the identification of (hX)
(1) with
hX′ . We say that G is globally F -split if the natural morphism
OG −→ (FG)∗OG(1)
splits as an OG-module-homomorphism. We note that a k-scheme X is globally F -split
if and only if so is hX , because k is perfect.
Lemma 2.22. Let f : G −→ H be a proper small birational morphism of normal
integral algebraic spaces over a perfect field of characteristic p > 0. Then G is globally
F -split if and only if so is H.
Proof. The proof is very similar to those of [30, Proposition 4] and [8, Lemma 2.14]. 
3. Akizuki-Nakano vanishing for globally F -split 3-folds
Since any smooth globally F -split variety over a perfect field k of characteristic p > 0
lifts to W2(k) (see [19, p.164] or [21, Corollary 9.2]), by a result of Raynaud (see [5,
Corollaire 2.8]), it satisfies the Akizuki-Nakano vanishing theorem if p > dimX . In
particular, the Akizuki-Nakano vanishing theorem holds on smooth F -split surfaces.
Kawakami recently proved that it also holds on possibly singular globally F -regular
surfaces, using Graf’s extension theorem [10].
Theorem 3.1 (cf. [20, Corollary 4.8]). Let X be a globally F -regular projective surface
over a perfect field of characteristic p > 0 and H be an ample line bundle on X. Then
for every nonnegative integers i, j with i+ j < 2, one has
H i(X,Ω
[j]
X ⊗H
−1) = 0.
Proof. The case where i = 0 follows from [20, Corollary 4.8] and the case where j = 0
does from Proposition 2.2. 
In this section, we study the Akizuki-Nakano vanishing theorem for globally F -split
3-folds.
Proposition 3.2. Let X be a normal globally F -split proper variety of dimension
n > 2 over a perfect field of characteristic p > 0 and F be a globally generated line
bundle on X such that the morphism ΦF : X −→ PN = P(H0(X,F)∗) induced by F is
generically e´tale on its image. Let G be a line bundle on X such that Hn−1(X,F⊗G) =
Hn(X,G) = 0. Then
H0(X,Ω
[n−1]
X ⊗ (F ⊗ G)
−1) = 0.
Proof. Let U be the smooth locus of X and ι : U →֒ X be a natural inclusion. Since
Ω
[n−1]
X = ι∗Ω
n−1
U
∼= ι∗Hom(Ω
1
U , ωU)
∼= Hom(Ω
[1]
X , ωX),
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one has the isomorphisms
H0(X,Ω
[n−1]
X ⊗ (F ⊗ G)
−1) ∼= Hom(F ⊗ G,Hom(Ω
[1]
X , ωX))
∼= Hom(Ω
[1]
X ⊗ (F ⊗ G), ωX).
Thus, by Serre duality (which holds for top cohomology without the Cohen-Macaulay
assumption), it is enough to show that Hn(X,Ω
[1]
X ⊗ (F ⊗ G)) = 0.
Pulling back the Euler sequence on PN twisted by OPN (1) via ΦF and tensoring it
with G, one has the exact sequence
0 −→ Φ∗FΩPN (1)⊗ G −→ G
⊕N −→ F ⊗ G −→ 0.
It follows from the assumption Hn−1(X,F ⊗ G) = Hn(X,G) = 0 that
Hn(X,Φ∗FΩPN (1)⊗ G) = 0.
On the other hand, the first exact sequence
Φ∗FΩPN (1)⊗ G −→ ΩX ⊗ (F ⊗ G) −→ ΩX/PN ⊗ (F ⊗ G) −→ 0
twisted by F ⊗ G induces the exact sequence
Hn(X,Φ∗FΩPN (1)⊗G) −→ H
n(X,ΩX ⊗ (F ⊗G)) −→ H
n(X,ΩX/PN ⊗ (F ⊗G)) −→ 0.
Since ΦF is generically e´tale on its image, the support of ΩX/PN is a proper closed subset
ofX and, in particular, Hn(X,ΩX/PN⊗(F⊗G)) = 0. Therefore, H
n(X,ΩX⊗(F⊗G)) =
0. Noting that the natural map ΩX −→ Ω
[1]
X is an isomorphism on U , that is, an
isomorphism in codimension one, we can conclude that
Hn(X,Ω
[1]
X ⊗ (F ⊗ G))
∼= Hn(X,ΩX ⊗ (F ⊗ G)) = 0.

Proposition 3.3. Let X be a normal globally F -split proper 3-fold over a perfect field
of characteristic p > 0 which has only isolated singularities. Let L be a line bundle on
X, and suppose there exists an integer 1 6 i0 6 p such that L⊗i0 is globally generated
and the morphism ΦL⊗i0 : X −→ P
N = P(H0(X,L⊗i0)∗) induced by L⊗i0 is generically
e´tale on its image. Assume in addition the following three conditions.
(i) H1(X,Ω
[1]
X ⊗L
⊗(−pe)) = 0 for all sufficiently large e.
(ii) H2(X,L⊗(±p
e)) = 0 for every integer e > 1.
(iii) H3(X,L⊗(p−i0)p
e
) = 0 for every integer e > 0.
Then H1(X,Ω
[1]
X ⊗ L
−1) = 0.
Proof. By the condition (i), we may assume that H1(X,Ω
[1]
X ⊗ L
⊗(−p)) = 0. Let U be
the smooth locus of X and ι : U →֒ X be a natural inclusion. The exact sequence
0 −→ B1U −→ Z
1
U −→ Ω
1
U −→ 0 induces an inclusion Z
[1]
X /B
[1]
X −→ Ω
[1]
X , which is an
isomorphism on U , that is, an isomorphism in codimension one. Thus, it suffices to
prove that H1(X, (Z
[1]
X /B
[1]
X )⊗ L
−1) = 0.
Since X is globally F -split, 0 −→ OU −→ F∗OU −→ B1U −→ 0 is a split exact
sequence. Pushing it forward by ι, we can see that 0 −→ OX −→ F∗OX −→ B
[1]
X −→ 0
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is also a split exact sequence, and the condition (ii) implies that H2(X,B
[1]
X ⊗L
−1) = 0.
Therefore, it is enough to show that H1(X,Z
[1]
X ⊗ L
−1) = 0.
The exact sequence 0 −→ Z1U −→ F∗Ω
1
U −→ B
2
U −→ 0 induces an exact sequence
0 −→ Z [1]X −→ F∗Ω
[1]
X −→ B
[2]
X , (⋆)
and by assumption, H1(X,F∗Ω
[1]
X ⊗ L
−1) ∼= H1(X,Ω
[1]
X ⊗ L
⊗(−p)) = 0. On the other
hand, by the choice of i0, the morphism ΦL⊗i0pe : X −→ P
Ne = P(H0(X,L⊗i0p
e
)∗)
induced by L⊗i0p
e
is generically e´tale on its image for every integer e > 0. It then
follows from the conditions (ii), (iii) and Proposition 3.2, by substituting F = L⊗i0
and G = L⊗(p−io), that H0(X,F∗Ω
[2]
X ⊗L
−1) ∼= H0(X,Ω
[2]
X ⊗ L
⊗(−p)) = 0. Since
B
[2]
X = ι∗B
2
U ⊂ ι∗F∗Ω
2
U ⊂ F∗Ω
[2]
X ,
we have H0(X,B
[2]
X ⊗L
−1) = 0. Thus, by the above exact sequence (⋆), we obtain that
H1(X,Z
[1]
X ⊗L
−1) = 0. 
We show an algebraic space version of Proposition 3.3 that will be needed in the
proof of Proposition 4.6.
Proposition 3.4. Let G be a 3-dimensional globally F -split integral algebraic space
smooth and proper over a perfect field of characteristic p > 0 and L be a line bundle on
G. Suppose that there exists an integer 1 6 i0 6 p and a generically e´tale morphism
Φ : G −→ Z to an algebraic space represented by a projective variety Z ⊆ PNk such that
L⊗i0 ∼= Φ∗(OPN (1)|Z). Assume in addition the following three conditions.
(i) H1(G,Ω1G ⊗L
⊗(−pe)) = 0 for all sufficiently large e.
(ii) H2(G,L⊗(±p
e)) = 0 for every integer e > 1.
(iii) H3(G,L⊗(p−i0)p
e
) = 0 for every integer e > 0.
Then H1(G,Ω1G ⊗ L
−1) = 0.
Proof. First note by [32, Theorem 2.22] that Serre duality holds for coherent sheaves
on a smooth proper algebraic space over a perfect field. Moreover, it follows from [34,
Corollary 3.3.17] that the Cartier isomorphism can be generalized to the context of
algebraic spaces. Thus, the proof is essentially the same as that of Proposition 3.3. 
Lemma 3.5. Let X be a normal projective variety of dimension n > 2 and L be an
ample line bundle on X. If F is a coherent reflexive OX-module, then for all sufficiently
large m, we have
H1(X,F ⊗ L⊗(−m)) = 0.
Proof. Take a surjection f : E ։ F∗ from a locally free sheaf E of finite rank to the
dual F∗ := Hom(F ,OX) of F , and consider the exact sequence
0 −→ F∗∗
f∗
−→ E∗ −→ C −→ 0,
where C is the cokernel of f ∗. Since (Ker f)∗ is torsion free, so is the subsheaf C ⊆
(Ker f)∗, which implies H0(X,C ⊗ L⊗(−m)) = 0 for all sufficiently large m. On the
other hand, since E∗ is locally free, it follows from the lemma of Enriques-Severi-Zariski
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[17, III. Corollary 7.8] that H1(X, E∗ ⊗L⊗(−m)) = 0 for all sufficiently large m. Thus,
by the above exact sequence, we obtain that
H1(X,F ⊗ L⊗(−m)) ∼= H1(X,F∗∗ ⊗ L⊗(−m)) = 0
for all sufficiently large m. 
We now prove that a weak form of the Akizuki-Nakano vanishing theorem holds on
globally F -regular 3-folds with isolated singularities.
Theorem 3.6. Let X be a normal Cohen-Macaulay globally projective F -split 3-fold
over a perfect field of characteristic p > 0 and H be a globally generated ample line
bundle on X such that the morphism ΦH : X −→ PN = P(H0(X,H)∗) induced by H
is generically e´tale on its image. Suppose that H0(X,ωX) = 0 and X has only isolated
singularities. Then for all nonnegative integers i, j with i+ j < 3, one has
H i(X,Ω
[j]
X ⊗H
−1) = 0.
Proof. The case where j = 0 is a special case of Proposition 2.2. The case where
(i, j) = (0, 1) follows from essentially the same argument as the proof of [20, Proposition
4.6]. The case where (i, j) = (0, 2) is immediate from Propositions 2.2 and 3.2 by
substituting F = H and G = OX . Finally, the case where (i, j) = (1, 1) follows from
Proposition 3.3 by substituting L = H and i0 = 1. Indeed, in this case, the condition
(i) in Proposition 3.3 is verified by Lemma 3.5 and the conditions (ii) and (iii) are done
by Proposition 2.2. 
Remark 3.7. In Theorem 3.6, all the assumptions on X , except having only isolated
singularities, are satisfied if X is a projective globally F -regular 3-fold by Remark 2.9.
In other words, the Akizuki-Nakano vanishing holds for very ample line bundles on
projective globally F -regular 3-folds with only isolated singularities.
Next, we discuss the Akizuki-Nakano vanishing theorem when the singular locus of
the variety may have positive dimension. Hamm proved that the following form of the
Akizuki-Nakano vanishing theorem holds on locally complete intersection projective
varieties in characteristic zero.
Theorem 3.8 ([14, Theorem 0.1]). Let X be a locally complete intersection complex
projective variety and H be an ample line bundle on X. Let d denote the dimension
of X and s denote the dimension of the singular locus of X. Then for all nonnegative
integers i, j with i+ j < d− s, one has
H i(X,ΩjX ⊗H
−1) = 0.
We will prove a characteristic p analog of Theorem 3.8 in dimension 3. We start
with the following auxiliary lemma.
Lemma 3.9. Let Y be a projective 3-fold over a perfect field of characteristic p > 0 and
L be a line bundle on Y . Suppose that Y has only Cohen-Macaulay isolated singularities
and H1(Y,L⊗(−n)) = 0 for all n > 1. Then we have
H0(X,Ω
[1]
Y ⊗ L
−1) = 0,
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Proof. The proof is similar to that of [20, Theorem 4.5]. 
Proposition 3.10. Let X be a normal projective 3-fold over a perfect field of character-
istic p > 5 and H be an ample line bundle on X. Suppose that there exists an effective
Q-Weil divisor ∆ such that KX +∆ is Q-Cartier and (X,∆) is strongly F -regular and
globally F -split. Then we have
H0(X, (ΩX)t.f. ⊗H
−1) = 0,
where (ΩX)t.f. is the torsion free part of the cotangent sheaf ΩX .
Proof. By Remark 2.8, the pair (X,∆) is klt. Then by [3, Theorem 1.7] and [12],
we can take a terminal model f : Y −→ X of the klt pair (X,∆), that is, f is a
projective birational morphism from a normal projective variety Y such that ∆Y :=
f ∗(KX + ∆) − KY is effective and (Y,∆Y ) is terminal. It follows from Lemma 2.4,
Lemma 2.10 and Remark 2.8 that Y is globally F -split and has only Cohen-Macaulay
isolated singularities.
On the other hand, since X is pseudo-rational and Y is Cohen-Macaulay, we have
Rif∗OX = 0 for all i > 0 by [23, Theorem 1.4]. Combining with Proposition 2.2 (2),
we see that H1(Y, f ∗H⊗(−n)) ∼= H1(X,H⊗(−n)) = 0 for all n > 1. Therefore, it follows
from Lemma 3.9 that H0(X, f∗Ω
[1]
Y ⊗H
−1) = H0(Y,Ω
[1]
Y ⊗ f
∗H−1) = 0.
Since f∗Ω
[1]
Y is torsion free and there exist natural morphisms
ΩX −→ f∗ΩY −→ f∗Ω
[1]
Y ,
which are generically isomorphic, we obtain an inclusion (ΩX)t.f. →֒ f∗Ω
[1]
Y . Then
H0(X, (ΩX)t.f. ⊗H
−1) ⊆ H0(X, f∗Ω
[1]
Y ⊗H
−1) = 0,
which completes the proof. 
Theorem 3.11. Let X be a locally complete intersection projective 3-fold over a perfect
field of characteristic p > 5 and H be an ample line bundle on X. Suppose that X
is strongly F -regular and globally F -split. Then for all nonnegative integers i, j with
i+ j < 2, one has
H i(X,ΩjX ⊗H
−1) = 0.
Proof. The case where j = 0 is immediate from Proposition 2.2. Since X is a locally
complete intersection, ΩX is torsion free by [27, Proposition 8.1] (or by Lemma 5.2
below). Therefore, the case where (i, j) = (0, 1) follows from Proposition 3.10. 
The following is a characteristic p analog of Theorem 3.8 for locally complete inter-
section globally F -regular 3-folds.
Corollary 3.12. Let X be a locally complete intersection globally F -regular projective
3-fold over a perfect field of characteristic p > 0. Let H be a globally generated ample
line bundle on X such that the morphism ΦH : X −→ PN = P(H0(X,H)∗) induced by
H is generically e´tale on its image. Let s denote the dimension of the singular locus
of X, and suppose either s = 0 or p > 5. Then for all nonnegative integers i, j with
i+ j < 3− s, one has
H i(X,ΩjX ⊗H
−1) = 0.
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Proof. We first consider the case where s = 0. In this case, H i(X,Ω
[j]
X ⊗H
−1) = 0 for
every i, j > 0 with i+ j < 3 by Remark 3.7. On the other hand, it follows from Lemma
5.2 below that ΩjX is reflexive if j = 0, 1 and is torsion free if j = 2. Therefore, we have
ΩjX
∼= Ω
[j]
X for j = 0, 1 and Ω
j
X ⊆ Ω
[j]
X for j = 2, which shows H
i(X,ΩjX ⊗H
−1) = 0 for
every i, j > 0 with i+ j < 3.
The case where s = 1 immediately follows from Theorem 3.11. 
We conclude this section with Lefschetz hyperplane type results for globally F -split
3-folds deduced from Theorem 3.12.
Theorem 3.13. . Let X be a globally F -split projective 3-fold over a perfect field of
characteristic p > 0 and H be a smooth globally F -split very ample Cartier divisor
on X. Suppose that H0(X,ωX) = 0 and X has only isolated complete intersection
singularities. Then for all nonnegative integers i, j, the natural map
H i(X,ΩjX) −→ H
i(H,ΩjH)
is an isomorphism if i+ j < 2 and is injective if i+ j < 3.
Proof. First note that T or1(Ω
j
X ,OH) = 0 for all 2 > j > 0, because H is a Cartier
divisor and ΩjX is torsion free by Lemma 5.2. Therefore,
0 −→ ΩjX(−H) −→ Ω
j
X −→ Ω
j
X |H −→ 0
is exact for all 2 > j > 0. By Theorem 3.6 or an argument similar to the proof
of Theorem 3.12, we have H i(X,ΩjX(−H)) = 0 for all nonnegative integers i, j with
i+ j < 3. Thus, the map H i(X,ΩjX) −→ H
i(X,ΩjX |H) is an isomorphism if i+ j < 2
and is injective if i+ j < 3.
Again, sinceH is a smooth Cartier divisor onX , we have the following exact sequence
of locally free sheaves:
0 −→ OX(−H)|H −→ ΩX |H −→ ΩH −→ 0.
For each integer j > 1, it induces the exact sequence
0 −→ Ωj−1H (−H) −→ Ω
j
X |H −→ Ω
j
H −→ 0.
Applying the Akizuki-Nakano vanishing theorem for smooth globally F -split surfaces
(see the first paragraph of §3), we have H i(H,Ωj−1H (−H)) = 0 for all nonnegative
integers i, j with i + j < 3. Together with Proposition 2.2, this shows that the map
H i(X,ΩjX |H) −→ H
i(H,ΩjH) is an isomorphism if i+ j < 2 and is injective if i+ j < 3.
Compositing this map with the above map, we obtain the assertion. 
We say that a line bundle L on a variety X is normally generated if the multiplication
map H0(X,L)⊗n −→ H0(X,L⊗n) is surjective for every integer n > 1. Normally
generated ample line bundles are very ample.
Corollary 3.14. Let X be a globally F -split projective Fano 3-fold over an infinite
perfect field of characteristic p > 0 which has only isolated complete intersection sin-
gularities. Suppose that −KX is normally generated and H is a general member of the
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anti-canonical system | −KX |. Then for all nonnegative integers i, j, the natural map
H i(X,ΩjX) −→ H
i(H,ΩjH)
is an isomorphism if i+ j < 2 and is injective if i+ j < 3.
Proof. Applying an unpublished result of N. Hara or [6, Theorem 5.8] to the anti-
canonical ring
⊕
n>0H
0(X,OX(−nKX)), we see that H is globally F -split. Since H
is a general member of the very ample linear system | −KX | and X has only isolated
singularities, H is smooth by Bertini’s theorem. The assertion therefore follows from
Theorem 3.13. 
4. Deformations of globally F -split Fano 3-folds
In this section, we study the deformations of globally F -split Fano 3-folds, making
use of the results in §3. First we recall some basic terminology from the theory of
deformations.
Definition 4.1 (cf. [26], [37], [42]). Let X be an algebraic scheme over an algebraically
closed field k.
(i) Let T be an algebraic scheme over k and t ∈ T be a closed point. A deformation
of X over T with reference point t is a pair (X /T, i) of a flat morphism X −→ T
of k-schemes and an isomorphism i : X
∼
−−→ X ×T Spec k(t) over Spec k.
(ii) Two deformations (X , i) and (X ′, i′) of X over T with the same reference point
t ∈ T are said to be equivalent if there exists an isomorphism ϕ : X
∼
−−→ X ′ over
T such that the induced isomorphism ϕt : X ×T Spec k(t) −→ X
′ ×T Spec k(t)
satisfies the following commutative diagram.
X
i
xxqq
qq
qq
qq
qq
qq
i′
&&◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆
X ×T Spec k(t)
ϕt
// X ′ ×T Spec k(t)
(iii) Let (A,mA) be an Artinian local k-algebra with residue field k. We define
DefX(A) as the set of equivalent classes of deformations of X over SpecA with
reference point mA ∈ SpecA. For a local homomorphism f : A −→ A′ of
Artinian local k-algebras with residue field k, we define
DefX(f) : DefX(A) −→ DefX(A
′)
as the map that sends an equivalent class of a deformation (X , i) of X over
SpecA to the equivalent class of the deformation (X ′ := X ×SpecA SpecA′, i′),
where i′ is the composition
i′ : X
i
−→ X ×SpecA k
∼
−−→ X ′ ×SpecA′ k.
(iv) We say that the deformations of X are unobstructed if for any Artinian local
k-algebras (A,m) and (A′,m′) with residue field k and for any surjective ring ho-
momorphism f : A −→ A′ with m ·Ker f = 0, the map DefX(f) : DefX(A) −→
DefX(A
′) is surjective.
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(v) We say that X admits a smoothing if there exist a smooth (not necessarily
projective) curve C over k, a closed point c ∈ C and a deformation π : X −→ C
of X over C with reference point c such that π is smooth over C \ {c}.
Namikawa [31] carefully examined the deformations of complex Fano 3-folds with
Gorenstein terminal singularities.
Theorem 4.2 ([31, Proposition 3]). Let X be a complex projective Fano 3-fold with
Gorenstein terminal singularities. Then the deformations of X are unobstructed.
Remark 4.3. Theorem 4.2 was recently generalized by Sano [35] to the case of complex
projective weak Fano 3-folds with terminal singularities.
We first prove a characteristic p analog of Theorem 4.2.
Theorem 4.4. Let X be a globally F -split projective Fano 3-fold over an algebraically
closed field of characteristic p > 0 which has only isolated complete intersection sin-
gularities. Suppose that there exists an integer 1 6 i0 6 p such that | − i0KX | is
base point free and the morphism ϕ|−i0KX | : X −→ P
N = P(H0(X,OX(−i0KX))∗) in-
duced by | − i0KX | is generically e´tale on its image. Then the deformations of X are
unobstructed.
Proof. First note that H0(X,ωX) = 0, because X is Fano. The anti-canonical line
bundle ω−1X satisfies the conditions (i)-(iii) in Proposition 3.3. Indeed, (i) is veri-
fied by Lemma 3.5 and (ii), (iii) are done by Proposition 2.2 and the vanishing of
H0(X,ωX). Since ΩX is reflexive by [27, Proposition 8.1] (or by Lemma 5.2 below), it
follows from Proposition 3.3 that H1(X,ΩX ⊗ ωX) = 0. We see by Serre duality that
Ext2(ΩX ,OX) = 0, which implies the assertion by [42, Proposition 6.4 (c)]. 
Remark 4.5. Fujita’s very ampleness conjecture says that if X is an n-dimensional
projective variety over an algebraically closed field and L is an ample line bundle on
X , then ωX ⊗ L
⊗(n+2) is very ample. If Fujita’s conjecture holds for ωX , then the
integer i0 in Theorem 4.4 exists when p > 5. In particular, it exists if | −KX | is base
point free and p > 5 (see [25, Example 1.8.23]).
Next, we discuss when a globally F -split Fano 3-fold admits a smoothing. We use
the following vanishing theorem, which can be viewed as a characteristic p analog of
the small resolution case of [41, Theorem 2 (a’)].
Proposition 4.6. Let X be a normal globally F -split projective 3-fold over a perfect
field of characteristic p > 0 which has only singularities with H0(X,ωX) = 0. Let L
be an ample line bundle on X, and suppose there exists an integer 1 6 i0 6 p such
that L⊗i0 is globally generated and the morphism ΦL⊗i0 : X −→ P
N = P(H0(X,L⊗i0)∗)
induced by L⊗i0 is generically e´tale on its image. Suppose that f : G −→ X is a small
resolution, that is, G is a smooth integral algebraic space over k and f is a proper small
birational morphism. If R1f∗OG = 0, then
H1(G,ΩG ⊗ f
∗L−1) = 0.
Proof. First note that G is globally F -split by Lemma 2.22. Let Z ⊆ PNk be the scheme
theoretic image of ΦL⊗i0 and Φ := ΦL⊗i0 ◦ f : G −→ Z be the composite map of ΦL⊗i0
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and f . Since Φ is generically e´tale and Φ∗(OPN (1)|Z) ∼= f
∗L⊗i0, it suffices to verify
that the line bundle f ∗L satisfies the conditions (i)-(iii) in Proposition 3.4.
By assumption and Lemma 2.21, we have Rjf∗OG = 0 for all j > 1 and f∗OG = OX .
Therefore, H2(G, f ∗L⊗(±p
e)) ∼= H2(X,L⊗(±p
e)) = 0 for all integers e > 1 by Proposi-
tion 2.2, that is, the condition (ii) is satisfied for f ∗L. Similarly, H3(G, f ∗L⊗(p−i0)p
e
) ∼=
H3(X,L⊗(p−i0)p
e
) = 0 by the assumption H0(X,ωX) = 0 when i0 = p and by Proposi-
tion 2.2 when i0 < p. In other words, the condition (iii) is also satisfied for f
∗L.
Next, we will check the condition (i). The Leray spectral sequence
Ei,j2 = H
i(X,Rjf∗(TG ⊗ ωG)⊗L
⊗pe)⇒ Ei+j = H i+j(G, TG ⊗ ωG ⊗ f
∗L⊗p
e
)
induces an isomorphism E0,22
∼= E2 for all sufficiently large e, because Ei,j2 = 0 for all
i > 0 and for all sufficiently large e by Serre vanishing. On the other hand, since f is
small, we have R2f∗(TG ⊗ ωG) = 0 by Lemma 2.21 and therefore E
i,2
2 = 0 for all i and
e. In conclusion, for all sufficiently large e, one has
0 = H0(X,R2f∗(TG ⊗ ωG)⊗L
⊗pe) ∼= H2(G, TG ⊗ ωG ⊗ f
∗L⊗p
e
),
which is the Serre dual of H1(G,ΩG ⊗ f ∗L⊗(−p
e)) (see [32, Theorem 2.22] for Serre
duality for algebraic spaces). Thus, (i) is satisfied for f ∗L. 
Definition 4.7. Let x ∈ X be a closed point of a three-dimensional algebraic variety
X over an algebraically closed field k, and ÔX,x denotes the mX,x-adic completion of
the local ring OX,x. We say that x ∈ X is an ordinary double point
4 if the completion
ÔX,x is isomorphic to k[[s, t, u, v]]/(st − uv), where k[[s, t, u, v]] is the 4-dimensional
formal power series ring over k.
The following lemma is well-known to experts, but we provide a proof for the con-
venience of the reader.
Lemma 4.8 (cf. [7]). Let V = Spec k[s, t, u, v]/(st − uv), where k[s, t, u, v] is the 4-
dimensional polynomial ring over an algebraically closed field k, and Z ⊆ V be the
closed subscheme defined by the ideal sheaf (s, u) ⊆ OV and π : W −→ V be the
blow-up along Z. Then π is a small resolution such that R1π∗TW = R
1π∗OW = 0.
Proof. Let v ∈ V denote the singular point of V , and set C := π−1(v). Since Z is
Cartier outside v, the morphism π is an isomorphism over U := V \{v}. We can easily
see thatW is regular, C ∼= P1k and I/I
2 ∼= OP1(1)
⊕2, where I ⊆ OW is the defining ideal
of C. In particular, π is a small resolution. Moreover, it follows from [23, Theorem
1.8] that R1π∗OW = 0, because V is pseudo-rational.
It remains to show that R1π∗TW = 0. Since π is an isomorphism over U and the
mv-adic completion OV,v −→ ÔV,v is faithfully flat, it is enough to show that the mv-
adic completion of the stalk of R1f∗TW at v is 0. By the theorem of formal functions,
it suffices to prove that H1(W, (OW/In)⊗W TW ) = 0 for every n > 1. Looking at the
long exact sequence of cohomology associated to
0 −→ In/In+1 −→ OW/I
n+1 −→ OW/I
n −→ 0
4such a singularity is also called an A1-singularity.
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tensored with TW , we can reduce the problem to showing that for all n > 0,
H1(C, (In/In+1)⊗C TW |C) = 0.
It follows from [17, II. Theorem 8.21.A] that for every n > 1, we have the isomorphisms
In/In+1 ∼= Sn(I/I2) ∼= OP1(n)
⊕(n+1).
Combining with the dual of the second exact sequence
0 −→ TC −→ TW |C −→ (I/I
2)∗ −→ 0,
we can verify H1(C, (In/In+1)⊗C TW |C) = 0, which completes the proof. 
Proposition 4.9. Let X be a three-dimensional variety over an algebraically closed
field. Suppose that X has only ordinary double points. There then exists a small
resolution f : G −→ X from a smooth integral algebraic space G that satisfies R1f∗TG =
R1f∗OG = 0.
Proof. Let {x1, . . . , xn} ⊆ X be the set of all singular points of X , and set U :=
X \ {x1, . . . , xn}. Let W,V, Z, π be as in Lemma 4.8 and v ∈ V be the singular point
of V . Since each xi ∈ X is an ordinary double point, it follows from [1, Corollary 2.6]
that for each i, there exist a variety Vi whose singular locus is a single point vi ∈ V and
e´tale morphisms ϕi : Vi −→ X and ψi : Vi −→ V such that ϕi(vi) = xi and ψi(vi) = v.
Vi
ϕi
~~⑦⑦
⑦⑦
⑦⑦
⑦ ψi
❅
❅❅
❅❅
❅❅
X V
Let πi : Wi −→ Vi be the blow-up along the closed subscheme Zi := ψ
−1
i (Z) ⊆ Vi.
Then πi is a small resolution with R
1(πi)∗OWi = R
1(πi)∗TWi = 0, because the diagram
Wi

pii
// Vi
ψi

W
pi
// V
is Cartesian. Set V ◦i := ϕ
−1
i (U) ⊆ Vi and W
◦
i := π
−1
i (V
◦
i ) ⊆ Wi. Since Zi|V ◦i is a
Cartier divisor, πi induces the isomorphism W
◦
i
∼= V ◦i . We define the open subscheme
Hi of X by Hi := X \ {xi+1, xi+2, . . . , xn}, and let ιi : Hi−1 →֒ Hi denote the natural
inclusion. Note that ϕi : Vi −→ X factors through Hi. For each 0 6 i 6 n, we will
construct a small resolution fi : Gi −→ Hi that is an isomorphism over U ⊆ Hi and
satisfies R1(fi)∗OGi = R
1(fi)∗OHi = 0.
If i = 0, then we define G0 := H0 = U and f0 := id : G0 −→ U . Suppose that i > 1
and fi−1 : Gi−1 −→ Hi−1 is a small resolution as above. It follows from [40, Lemma
78.4.2] that there exist an algebraic space Gi, an open immersion ai : Gi−1 →֒ Gi
and an e´tale morphism bi : Wi −→ Gi such that (Gi−1 ⊂ Gi, bi : Wi −→ Gi) is an
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elementary distinguished square and the diagram
W ◦i


//

Wi
bi

Gi−1
ai
// Gi
is a pushout in the category of algebraic space over k. The universality of pushouts
yields a morphism fi : Gi −→ Hi such that each square in the diagram
W ◦i
//

{{①①
①①
①①
①①
①
Wi
bi

pii
~~⑥⑥
⑥⑥
⑥⑥
⑥⑥
V ◦i
//

Vi
ϕi

Gi−1 ai
//
fi−1
{{✇✇
✇✇
✇✇
✇✇
Gi
fi~~⑥⑥
⑥⑥
⑥⑥
⑥⑥
Hi−1
ιi
// Hi
is commutative. Then by Proposition 2.20, the following diagram is Cartesian.
Gi−1 ⊔Wi
ai⊔bi
//
fi−1⊔pii

Gi
fi

Hi−1 ⊔ Vi
ιi⊔ϕi
// Hi
Since the horizontal arrows are e´tale surjective and fi−1 ⊔ π is proper, the morphism
fi is also proper. We note that this implies that Gi is separated. Moreover, it follows
from [40, Lemma 66.11.2] that R1(fi)∗OGi = R
1(fi)∗TGi = 0. It also follows from the
same diagram that fi is a small birational that is an isomorphism over U , as desired.
We now obtain the assertion of the proposition by choosing G := Gn and f := fn :
Gn −→ Hn = X . 
A complex Fano 3-fold with only ordinary double points is smoothable by a flat
deformation.
Theorem 4.10 ([7, Corollary 4.2], [31, Proposition 4]). Let X be a complex projective
Fano 3-fold with ordinary double points. Then H2(X, TX) = 0 and, in particular, X
admits a smoothing.
Remark 4.11. Namikawa [31] in fact proved that every complex projective Fano 3-fold
X with Gorenstein terminal singularities admits a smoothing even if H2(X, TX) 6= 0.
We prove a characteristic p analog of Theorem 4.10. A variety X over a perfect field
k of characteristic p > 0 is said to be liftable to the Witt ring W (k) of k if there exists
a flat morphism X −→ SpecW (k) of schemes with closed fiber isomorphic to X .
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Theorem 4.12. Let X be a globally F -split projective Fano 3-fold over an algebraically
closed field k of characteristic p > 0 which has only ordinary double points. Suppose
that there exists some 1 6 i0 6 p such that |−i0KX | is base point free and the morphism
ϕ|−i0KX | : X −→ P
N = P(H0(X,OX(−i0KX))∗) induced by |−i0KX | is generically e´tale
on its image. Then H2(X, TX) = 0 and, in particular, X admits a smoothing and is
liftable to W (k).
Proof. By Proposition 4.9, there exists a small resolution f : G −→ X such that
R1f∗OG = R1f∗TG = 0. Substituting L = ω
−1
X in Proposition 4.6, one has
0 = H1(G,ΩG ⊗ f
∗ωX) = H
1(G,ΩG ⊗ ωG),
which is the Serre dual of H2(G, TG). Since f is small, f∗TG ∼= TX and Rjf∗TG = 0
for all j > 2 by Lemma 2.21. From this, together with the vanishing R1f∗TG = 0, we
obtain the isomorphisms
H2(X, TX) ∼= H
2(X, f∗TG) ∼= H
2(G, TG) = 0.
It then follows from [26, Theorem 4.14 and Lemma 5.1] that X is smoothable by a flat
deformation. Moreover, it again follows from [26, Theorem 4.14 and Lemma 4.10] that
X is liftable to W (k). 
Remark 4.13. Since the modulo p reduction of a complex projective Fano 3-fold with
only Gorenstein terminal singularities is a globally F -split 3-fold with only isolated
complete intersection singularities for sufficiently large primes p (see [36, Theorem
1.2]), Theorem 4.4 (resp. Theorem 4.12) gives a purely algebraic proof of Theorem 4.2
(resp. Theorem 4.10).
5. Kodaira vanishing for thickenings
Throughout this section, let X be a locally complete intersection closed subvariety
of the projective space PNk over a perfect field k. Let d denote the dimension of X and s
denote the dimension of the singular locus of X . For each integer t > 1, let Xt ⊆ PNk be
the t-th thickening of X , that is, the closed subscheme defined by It, where I ⊆ OPN
k
is the defining ideal sheaf of X in PNk .
Bhatt-Blickle-Lyubeznik-Singh-Zhang [2] proved that the Kodaira vanishing theorem
holds on Xt in characteristic zero.
Theorem 5.1 ([2, Theorem 3.1]). Suppose that k is of characteristic zero. Then for
every integers i < d− s, ℓ > 1 and t > 1, we have
H i(Xt,OXt(−ℓ)) = 0.
We pursue a characteristic p analog of Theorem 5.1, making use of our vanishing
results in §3. We begin with the following lemma.
Lemma 5.2 ([14, Theorem 1.1]). Let (R,m) be a complete intersection local ring essen-
tially of finite type over a perfect field k. Let n denote the dimension of R and δ denote
the dimension of the singular locus of SpecR. Then for every integer 0 6 i 6 n − δ,
we have depth
m
(ΩiR/k) > n− i.
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Proposition 5.3. Suppose that H i(X,ΩjX(−ℓ)) = 0 for every integers ℓ > 1 and
i, j > 0 with i+ j < d− s. Then for every integers i < d− s, ℓ > 1 and t > 1, we have
H i(X,Dt(I/I
2)(−ℓ)) = 0.
Proof. Fix integers t, ℓ > 1. Since X is a locally complete intersection, the sequence
0 −→ I/I2 −→ ΩPN |X −→ ΩX −→ 0
is exact also on the left. Applying Proposition 2.16, we obtain the complex
0 −→ Dt(I/I
2)
d−1
−−−→ C0
d0
−−→ C1
d1
−−→ C2
d2
−−→ · · · ,
where C i := Dt−i(ΩPN |X)⊗ Ω
i
X . Since ΩX is locally free on the smooth locus U ⊆ X ,
the complex is exact on U .
For every i > 0, we define the subsheaves Bi, Z i of C i by Bi := Im di−1 and
Z i := Ker di, respectively. We note that Bi|U = Z
i|U and they are locally free OU -
modules for every i. Indeed, since C i|U is locally free, it follows from the exact sequence
0 −→ Bi|U −→ C
i|U −→ B
i+1|U −→ 0
that Bi|U is locally free if so is B
i+1|U . Combining with the fact that C
i|U = 0 for all
sufficiently large i, we conclude that Bi|U are locally free for all i. We also note that
d−1 is injective, because it is injective on U and Dt(I/I2) is torsion free. In particular,
we have B0 ∼= Dt(I/I2).
Next, we will verify that H i(X,Cj(−ℓ)) = 0 for every i, j > 0 with i + j < d − s.
Fix such integers i, j. Applying Proposition 2.16 to the Euler sequence
0 −→ ΩPN |X −→ OX(−1)
⊕N+1 −→ OX −→ 0
restricted to X , we obtain the exact sequence
0 −→ Dt−j(ΩPN |X) −→ Dt−j(E) −→ Dt−j−1(E) −→ 0,
where we write E := OX(−1)⊕N+1. Since Dt−j−1(E) is locally free, we have the exact
sequence
H i−1(X,Dt−j−1(E)⊗ Ω
j
X(−ℓ)) −→ H
i(X,Cj(−ℓ)) −→ H i(X,Dt−j(E)⊗ Ω
j
X(−ℓ)).
On the other hand, since Dm(E) = (S
m(E∗))∗ is a direct sum of OX(−m) for every
integer m, it follows by assumption that
H i−1(X,Dt−j−1(E)⊗ Ω
j
X(−ℓ)) = 0, H
i(X,Dt−j(E)⊗ Ω
j
X(−ℓ)) = 0.
Thus, we have H i(X,Cj(−ℓ)) = 0.
The assertion in the proposition is clear if s = d− 1, because
H0(X,Dt(I/I
2)(−ℓ)) ∼= H0(X,B0(−ℓ)) ⊆ H0(X,C0(−ℓ)) = 0.
We therefore assume that s 6 d − 2. Let Y := X \ U be the singular locus of X . We
will verify that Bi = Z i and depthY (B
i) := min{depthx(B
i) | x ∈ Y } > d − s − i
for each i = 0, 1, . . . , d − s − 2. When i = 0, since B0 ∼= Dt(I/I2) is locally free,
depthY (B
0) = d−s, and since B0 is reflexive and the inclusion B0 ⊆ Z0 is the identity
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on U , we have B0 = Z0. When 1 6 i 6 d − s− 2, by induction on i, we may assume
that depthY (B
i−1) > d− s− i+ 1 and the sequence
0 −→ Bi−1 −→ C i−1 −→ Bi −→ 0
is exact. It follows from Lemma 5.2 that depthY (C
i−1) > d− s− i+ 1, which implies
depthY (B
i) > d− s− i. Combining with the fact that Bi|U is locally free, Bi satisfies
the Serre condition (S2). Therefore, B
i is reflexive, which proves Bi = Z i.
Fix an integer 0 6 i < d− s. The exact sequence
0 −→ B0 −→ C0 −→ B1 −→ 0
induces the exact sequence
H i−1(X,C0(−ℓ)) −→ H i−1(X,B1(−ℓ)) −→ H i(X,B0(−ℓ)) −→ H i(X,C0(−ℓ)).
Since H i−1(X,C0(−ℓ)) = H i(X,C0(−ℓ)) = 0, we have
H i(X,B0(−ℓ)) ∼= H i−1(X,B1(−ℓ)).
Similarly, we have
H i(X,B0(−ℓ)) ∼= H i−1(X,B1(−ℓ)) ∼= H i−2(X,B2(−ℓ)) ∼= · · · ∼= H0(X,Bi(−ℓ)).
Since B0 ∼= Dt(I/I2) and Bi ⊆ C i, we have
H i(X,Dt(I/I
2)(−ℓ)) ∼= H0(X,Bi(−ℓ)) ⊆ H0(X,C i(−ℓ)) = 0,
which completes the proof of the proposition. 
Theorem 5.4. Let t > 1 be an integer, and assume the following two conditions hold.
(i) H i(X,ΩjX(−ℓ)) = 0 for every integers ℓ > 1 and i, j > 0 with i+ j < d− s.
(ii) One of the following conditions is satisfied:
(a) k is of characteristic zero,
(b) k is of characteristic p > t,
(c) the normal bundle NX/PN is a direct sum of line bundles.
Then for every i < d− s and ℓ > 1, we have
H i(Xt,OXt(−ℓ)) = 0.
Proof. Fix integers ℓ, t > 1 and 0 6 i < d− s. If t = 1, then the assertion follows from
Proposition 2.2 (2). We consider the case where t > 2. By induction on t, we may
assume that H i(Xt−1,OXt−1(−ℓ)) = 0.
The exact sequence
0 −→ It−1/It −→ OXt −→ OXt−1 −→ 0
induces the exact sequence
H i(X, (It−1/It)(−ℓ)) −→ H i(Xt,OXt(−ℓ)) −→ H
i(Xt−1,OXt−1(−ℓ)).
On the other hand, it follows from [17, II. Theorem.8.21.A(e)] and Lemma 2.17 that
It−1/It ∼= St−1(I/I2) ∼= Dt−1(I/I
2).
Therefore, by Proposition 5.3, we have H i(X, (It−1/It)(−ℓ)) = 0. Combining with the
above exact sequence, we have H i(Xt,OXt(−ℓ)) = 0. 
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Remark 5.5. As an application of Theorem 5.4, together with Theorem 3.8, we obtain
an alternative proof of Theorem 5.1.
Theorem 5.6. Suppose that t > 1 is an integer, k is of characteristic p > 5 and X
is globally F -regular of dimension d 6 3. Assume in addition that one of the following
conditions is satisfied:
(i) t is less than or equal to p,
(ii) the normal bundle NX/PN is a direct sum of line bundles.
Then for every integers i < d− s, ℓ > 1 and t > 1, we have
H i(Xt,OXt(−ℓ)) = 0.
Proof. The assertion follows from Theorem 3.1, Corollary 3.12 and Theorem 5.4. 
Remark 5.7. If s = 0, then by Remark 3.7 and Theorem 5.4, Theorem 5.6 holds without
assuming that p > 5.
Question 5.8. Does the assertion in Theorem 5.6 hold if we drop the assumption that
t is less than or equal to p or NX/PN is a direct sum of line bundles?
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